Article
September 2011 Vol.56 No.25: 27272731
doi: 10.1007/s11434-011-4626-5

Atmospheric Science

SPECIAL TOPICS:

A semi-analytical model for the propagation of Rossby waves in
slowly varying flow
LIU Fei1,2, CHAO JiPing3, HUANG Gang1,4* & FENG LiCheng3
1

Key Laboratory of Regional Climate-Environment Research for Temperate East Asia, Institute of Atmospheric Physics, Chinese Academy of
Sciences, Beijing 100029, China;
2
International Pacific Research Center, University of Hawaii at Manoa, Honolulu 96822, USA;
3
National Marine Environmental Forecasting Center, Beijing 100081, China;
4
State Key Laboratory of Numerical Modeling for Atmospheric Sciences and Geophysical Fluid Dynamics, Institute of Atmospheric Physics,
Chinese Academy of Sciences, Beijing 100083, China
Received May 17, 2011; accepted June 13, 2011

Instead of using complicated general circulation models (GCMs), a simple semi-analytical model based on ray theory has been
used to study energy evolution and ray path of Rossby waves in slowly varying mean flows. Our model yields similar results to
those calculated from barotropic models, and also provides a chance to study Rossby waves in the slowly varying flows with both
vertical and meridional shears. The model results show that upward Rossby waves can only grow in westerlies, and decay when
further ascend. The baroclinic Rossky waves are restrained by the β effect in lower latitude. In the westerly jet with meridional
and vertical shears, the barotropic Rossby waves originated from south of the westerly jet, and these can grow while propagating
upper-northward. The baroclinic Rossby waves originated from north of the westerly jet and can grow while propagating upward
and southward. Such a semi-analytical model provides a simple forecasting tool to allow study of the local weather anomalies to
the heating/topography forcing associated with the global warming.
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Global teleconnection provides an important way to improve prediction on different temporal and spatial scales.
Usually the teleconnection can be separated into the extratropical responses of the ENSO mode [1–10], the extratropical responses of monsoon mode [11–19], and the downstream responses to the upstream wave sources [17–20].
The Chinese winter ice storms in 2008 and the worst South
China drought in 2010 may also result from local teleconnection responses to the tropical or high latitude anomalies.
In fact, it is usually Rossby waves that transport energy
in global teleconnection [7,20,21]. In sub-equatorial regions,
Rossby waves can propagate in the westerly jet [13,20,22].
Such Rossby wave sources may come from tropical heating
coupled with mean vertical shear [23], or higher-latitude
*Corresponding author (email: hg@mail.iap.ac.cn)
© The Author(s) 2011. This article is published with open access at Springerlink.com

topography [24].
To understand global teleconnection, it is necessary to
study the growth and ray path of Rossby waves under mean
flow conditions. This allows prediction of the local weather
or climate based on the pre-existent mean flows and wave
sources. Earlier theories of Rossby waves identified the
theoretical instability criteria [21, 25–29]: (a) consistent with
the results of Hoskins and Karoly [7], “great circle” propagation was simulated in a uniform westerly; (b) the “guided”
Rossby waves (l/k > 0) develop on the south of the westerly
jet, where ∂U/∂y > 0, and the “trailing” Rossby waves (l/k > 0)
develop on the north side of the westerly jet, where ∂U/∂y <
0 [21]; (c) in positive (∂U/∂y > 0) sheared mean flow,
northward Rossby waves turn back at a turning point, while
the southward Rossby waves approach the critical level directly [30,31]; (d) the divergent effect is necessary for the propcsb.scichina.com

www.springer.com/scp

2728

Liu F, et al.

Chinese Sci Bull

agation of Rossby waves [32]; and (e) in a strong westerly
jet, the Rossby waves oscillate and propagate downstream
[20,33–35].
Although previous works identified the instability criteria,
these works are usually limited to the barotropic or baroclinic modes separately, and are hardly used for realistic
prediction [27–31,36]. It is difficult to find an analytical
solution of Rossby waves under realistic mean flows that
have both meridional and vertical shears. In this situation,
general circulation models (GCMs) or two-layer models
have to be used [37,38].
To study the evolution of Rossby waves in realistic mean
flows, a simple semi-analytical model based on ray theory
has been developed [39]. Under the WKBJ approximation,
the free wave solutions can be obtained from the potential
vorticity equation, and the Rossby waves propagate along a
ray with energy transported by the group velocity. For initial Rossby waves, this simple model not only proves the
works of Huang [20] and Chen and Chao [21], but also provides the ray path and energy evolution of Rossby waves
under realistic mean flows without complicated calculation
of GCMs.

1 Formulation
On the β-plane, the quasi-geostrophic potential vorticity
equation becomes [29]
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frequency. This model has the scale relation of
T   t , X   x, Y   y, Z   z,

f
,
y

  Uk 

Dg X
DT

DT
Dg Z
DT

where ‘~’ is neglected for simplicity,  2  ( L / Lc )2 , and
Lc  NH 0 / f 0 is the Rossby radius of deformation. The
general potential vorticity gradient is defined as
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method, the linear disturbance equation can be obtained as [29]

 Ak

where K 2  k 2  l 2  n 2 .
Without considering the temporal variation of mean
flows, the ray theory gives [39]

Dg Y

 /  * , and  *  L2 . Following the small-disturbance
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where  is a small number and   1 . Substituting (5)
and (6) into (4) we obtain the zero-order dispersion equation:
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where G   2 r 2 . By the WKBJ approximation, the solution of a nearly-plane wave takes the form of
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tion in the Lagrange coordinate. (7) and (8) describe the
path of Rossby waves by integrating from any initial locations (X0, Y0, X0) and wave characteristics (k0, l0, n0, 0).
The kinetic energy, E  ( K 2   2 r 2 ) A02 , along a ray can be
determined by [21]
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So this semi-analytical model, (7) and (9), forms a selfcontained system, which can be calculated by the RungeKutta method for any initial disturbances. In the following
experiments, we selected k0 = 1.

2 Rossby waves in baroclinic mean flows
Using this semi-analytical model, Rossby waves can be
studied under baroclinic ( U Z  0 ) mean flows. The potential vorticity gradient,  A  2 cos( )  2 2 rU Z   2U ZZ , is
determined not only by β, but also by the vertical variation
of mean flows. In this work, 0 = 35° is used.
Scenarios with positive (UZ > 0) and negative (UZ<0) vertical shears have been studied. The basic flows are given as
U  UZ Z

UZ  0 ,

(10a)

U  5U Z  U Z Z

UZ  0 ,

(10b)

Figure 2 Energy evolution (a) and ray path (b) of downward Rossby
1 1
waves. The vertical shears UZ are 20 m s1 H1
0 and 20 m s H0 , marked
by 1 and 2, respectively. Here k0 = 1.

and all upward Rossby waves are initiated at Z = 0.2.
For positive vertical shears, Figure 1(+) shows that upward Rossby waves are unstable, they ascend slowly and
grow, but then decay as they rise higher. Under conditions
of strong vertical shear, Rossby waves propagate upward
rapidly and have a short life cycle. Under conditions of
negative vertical shear, Figure 1() shows that the Rossby
waves propagate upward but decay rapidly, and this becomes more obvious under strong negative vertical shear.
This is consistent with the results obtained from the twolayer model, which shows that vertical easterly shear will
trap the energy in the lower troposphere [23]. In the summer,
the tropical easterly occurs in the upper troposphere and
restricts the upward propagation of Rossby waves [36]. The
Rossby waves can propagate upward and grow in the weak
westerly, but decay in the strong westerly.
The downward (n < 0) Rossby waves are initiated at Z = 1.
Under conditions of positive vertical shear, Figure 2 shows
that the Rossby waves propagate downward and grow first,

but then decay rapidly as they sink lower. Under conditions
of negative vertical shear, Figure 2 shows that the Rossby
waves can grow and propagate downward. Here we assume
that the boundary layer acts as a mirror to reflect the wave
energy upward without damping, and n = n when Z < 0.
After reflection, the Rossby waves ascend and decay in the
upper troposphere.
The  effect can be studied using this model. Under conditions of positive vertical shear UZ = 5 m s1 H1
0 , four upward Rossby wave sources are located at 5°N, 25°N, 35°N,
and 45°N, respectively. As shown in Figure 3, it is difficult
for Rossby waves to develop near the tropics, where  is
large (line 1 of Figure 3). On the other hand, Rossby waves
can propagate upward and grow rapidly in higher latitudes
because of the small  effect (line 4 of Figure 3). Hence the
 effect restrains the growth of Rossby waves.

Figure 1 Energy evolution (a) and ray path (b) of upward Rossby waves.
1
1 1
The vertical shears UZ are ±5 m s1 H1
H1
0 , ±10 m s
0 , and ±20 m s H0 ,
marked by 1±, 2±, 3±, respectively. Here k0 = 1.

Figure 3 Ray path (a) and energy evolution (b) of upward Rossby waves,
which are initiated at 5°N, 25°N, 35°N, 45°N, and marked by 1, 2, 3, and 4,
respectively. Here n0 = 1.
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3 Rossby waves in the westerly jet with both
the meridional and vertical shears
Using this model, we can study Rossby waves under realistic
westerly jet conditions with both meridional and vertical
shears. We assume a jet of semi-columniform form, which
can be described as
1  cos( π / 0 ) 
U  U0 
 {cos( z / z0  1)π} ,
2



(11)

where 0 = 35°, z0 = 1, U0 = 15 m s1. To obtain the frequency equation of Rossby waves, the WKBJ approximation was used, which means that the mean flows must vary
more slowly than the Rossby waves on a spatial scale. We
have adopted a small magnitude of 15 m s1 for the westerly
jet to satisfy the criteria of WKBJ (eq. 5.22 of [7]).
To describe the evolution of Rossby waves originated
from every point in the y-z field, we define the instability of
Rossby waves as
I R  {Days of t | Et  E0 }, when E1/ 4day  E0 ,

(12a)
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 Days of t


(12b)

When the energy on the 1/4 day (E1/4) is larger than the
original energy (E0), we assume that the Rossby waves will
develop, and when the energy on the 1/4 day is less than the
original energy, we assume that the Rossby waves will decay.
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For initial northward Rossby waves (l > 0), the unstable
field occurs to the south of the westerly jet (Figure 4(a), (b)),
especially the lower and southerly part of westerly jet. Even
for more barotropic Rossby waves with n = 0.2 (Figure 4(e),
(f)), the south part of the jet becomes more unstable. This
means that the Rossby waves with a more barotropic component can propagate upper-northward and grow in the westerly jet when initiated from the south of the westerly jet.
For initial southward Rossby waves (l < 0), the unstable
field occurs to the lower and northerly part of the westerly
jet (Figure 4(c), (d), (g), (h)), and Rossby waves can propagate upward and southward and grow in the westerly jet.
The more baroclinic Rossby waves with n = 1 (Figure 4(c),
(d)) can develop more strongly than the barotropic Rossby
waves with n = 0.2 (Figure 4(g), (h)), because the baroclinic
Rossby waves can absorb more available potential energy
from the baroclinic mean flow.

4

Summary and discussion

In this paper, a simple semi-analytical model based on ray
theory [39] has been used to study Rossby waves under
mean flow conditions. Unlike the analytical solutions of
previous theories, this semi-analytical model can predict the
path and energy evolution of Rossby waves under realistic
mean flows that have both barotropic (meridional) and
baroclinic (vertical) shears.
When omitting the vertical variables, this model becomes
a barotropic model and produces similar results to those

Figure 4 Rossby instability (IR) in the westerly jet that has vertical and meridional shears. The red circle represents the westerly center, where U = 0.9U0.
The red/blue shade represents the unstable/stable field of Rossby waves.
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from other the previous work. Under conditions of mean
flows with vertical shear, our model shows that Rossby
waves propagate upwards in weak westerlies [36]. Baroclinic Rossby waves become more unstable at the high latitudes, because the  effect restrains the growth of Rossby
waves (Figure 3).
Under mean flow regimes that have both meridional and
vertical shears, the barotropic Rossby waves grow when
propagating upward and northward from the south part of
westerly jet (Figure 4(e)). The baroclinic Rossby waves also
grow when propagating upwards and southward from the
north part of the westerly jet (Figure 4(c)).
Such a semi-analytical model provides a very simple
prediction tool to study Rossby waves, which are important
for the global teleconnection. In this work we have only
studied idealized mean flows, and observed mean flows
should be included in the future work. With this simple
model, we can study the mid- and high-latitude teleconnection associated with Chinese climate [17,18,20,40].
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