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Abstract The power spectrum of Madden-Julian oscillation
(MJO) has a peculiar dispersion relation and is well separated
from the convectively coupled equatorial waves (CCEWs).
The authors present a theoretical model coupling the equatorial Rossby and Kelvin waves to understand this spectral feature of MJO. In this model, a delay process for triggering the
deep convection from the additional planetary boundary layer
(PBL) pumped moisture is implemented. This model has a
moist Kelvin wave-like dispersion relation, and short waves
grow fast when all moisture pumped by the PBL excites the
deep convection instantly. When the moisture pumped by the
PBL is delayed to stay in the lower troposphere for a time
scale on the order of a day before triggering the deep convection, this model simulates a MJO-like mode, for which three
features of the MJO, the peculiar dispersion relation, the horizontal quadrupole-vortex structure, and longest waves having
maximum growth rate, have been simulated. Both moist Kelvin wave-like mode and MJO-like mode are simulated simultaneously when part of the deep convection is delayed, where
the strong instability occurs at low-frequency long wavelength
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for the MJO-like mode and at high-frequency short wavelength for the moist Kelvin wave-like mode. These results
suggest the importance of the delay process of deep convection in simulating the MJO.

1 Introduction
The Madden-Julian oscillation (MJO), named after its discoverers, is one of the most important modes in the tropical atmosphere (Madden and Julian 1971, 1972, 1994). The MJO
features an equatorially trapped planetary-scale baroclinic circulation cell that propagates eastward slowly (about 5 m s−1)
in the eastern hemisphere (Knutson and Weickmann 1987;
Wang and Rui 1990; Hendon and Salby 1994; Maloney and
Hartmann 1998; Kiladis et al. 2005; Zhang 2005). Whereas it
prevails in the equatorial region, the MJO has significant impacts on a wide variety of climate phenomena across different
spatial and temporal scales (Zhang 2005; Zhou and Miller
2005; Mori and Watanabe 2008).
In observations, the power spectrum of MJO is distinct
from all convectively coupled equatorial waves (CCEWs)
(Wheeler and Kiladis 1999; Kiladis et al. 2005; Zhang 2005;
Kiladis et al. 2009). For the eastward-propagating signals, the
moist Kelvin waves have a linear dispersion relation between
the frequency and wavenumber, and its power spectrum is
maximum at the wavenumbers from 4 through 8. The MJO
is very different, which power spectrum is maximum on the
planetary scale and has a peculiar dispersion relation, for
which the frequency is wavenumber independent.
When located over the equatorial Indian Ocean and the
western Pacific, the MJO has a quadrupole-vortex horizontal
structure, and it can be treated as a coupling of equatorial
Rossby wave and Kelvin wave (Rui and Wang 1990; Hendon
and Salby 1994). In the frictional wave dynamics, the
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planetary boundary layer (PBL) pumps additional moisture in
front of the MJO convective center to support the deep convection, and the eastward-propagating mode has the strongest
instability at the planetary scale when longwave approximation was used in the PBL (Wang and Rui 1990). The moisture
pumped by the PBL, however, was parameterized as the deep
convective heating directly, and this frictional wave dynamics
only simulates the moist Kelvin wave-like dispersion relation,
for which the frequency increases linearly with increasing
wavenumber. This is dramatically different from the peculiar
dispersion relation of MJO.
Recently, the effects of the moisture feedback were
found to be important to simulate the MJO dispersion relation. A Bmoisture mode^ isolating the moisture feedback
was presented by Sobel and Maloney (Sobel and Maloney
2012, 2013), in which the moisture perturbation is the only
prognostic variable and the instability comes from the thermodynamic feedback. In their works, the wind-evaporation
feedbacks were found to induce westward propagation in
an easterly mean low-level flow, while zonal advection,
modulation of synoptic eddy drying by the MJO-scale wind
perturbations, and frictional convergence all help in
destabilizing the easterlies and favors the eastward propagation. In their work, the simulated eastward propagation is
well separated from the CCEWs. Since no wave dynamics
was included, the eastward propagation of the Bmoisture
mode^ is too slow compared to the observation. Considering both wave dynamics and moisture feedback, Majda and
Stehmann (Majda and Stechmann 2009) proposed a MJO
skeleton model, in which a neutral mode with slow eastward propagation was simulated along with a peculiar dispersion relation ∂σ=∂k ¼ 0, where σ and k are frequency
and wavenumber, respectively. The PBL moisture convergence was found to provide an instability source for this
slow eastward propagation (Liu and Wang 2012a).
Whereas these theories all provide some insight into the
mechanism of MJO, it is still not clear what the critical process
is for simulating the peculiar dispersion of the MJO and why
the MJO is well separated from the CCEWs, especially from
the moist Kelvin waves. In the present study, we intend to
answer these questions by using a simple theoretical model,
in which the delay process of the deep convection triggered
from the PBL pumped moisture is parameterized.

frictionally coupled Kelvin-Rossby wave model that includes
PBL moisture convergence jointly generated by the Kelvin
and Rossby waves. In this model, the instability mainly comes
from the PBL moisture convergence, which can be obtained
from the steady PBL model (Wang and Li 1994; Liu and
Wang 2012a).
Without additional moisture source from the PBL, the
troposphere is stable for the moist Kelvin wave and moist
Rossby wave (Wang 1988), and the moist Kelvin and
Rossby waves should propagate eastward and westward
separately. The Rossby and Kelvin waves both excite upward Ekman pumping to their east sides (Wang and Rui
1990), thus the additional moisture coming from the PBL
will support the growth of the convection, which couples
the Rossby and Kelvin waves and results in an eastwardpropagating Gill-like pattern.
To obtain the nondimensional equations, we take C ¼ 50
ms−1 (the lowest speed of internal gravity waves) as the reference speed, and the characteristic temporal and spatial scales
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
as 1=Cβ ¼ 8:5 h and C=β ¼ 1500km; respectively,
where β ¼ 2:3  10−11 m−1 s−1 representing the leading order
curvature effect of the Earth at the equator. Assuming that the
PBL motion is forced by the pressure anomalies in the lower
troposphere, the nondimensional PBL moisture convergence
can be written as:

2 The frictional wave dynamics with delayed deep
convection

where u and v are the zonal and meridional velocities, respectively, and F is the diabatic heating caused by the additional
moisture pumped by the PBL. The nondimensional magni~ f is
tude of vertical gradient of the background moisture Q
taken to be 0.95 above a warm SST with a value of 30 °C
(Liu and Wang 2012a).
In the frictional wave dynamics (Wang and Rui 1990), the
moisture pumped by the PBL is parameterized as the deep

The large-scale MJO involves semi-geostrophic, lowfrequency equatorial Kelvin wave and Rossby wave. Based
on the important interaction of the equatorial waves, boundary
layer dynamics and collective effects of convective heating
(Wang 1988; Zhang 2005), Wang and Rui (1990) built up a

qek ¼ rb ðSST−9:18Þ


Hb 
d 1 ∂xx ϕ þ d 1 ∂yy ϕ þ d 2 ∂x ϕ þ d 3 ∂y ϕ
HT

ð1Þ

where ϕ is the lower tropospheric pressure anomaly. The PBL




coefficients are d 1 ¼ E= E 2 þ y2 ; d 2 ¼ − E 2 −y2 =
 2



E þ y2 2 , and d 3 ¼ −2Ey= E 2 þ y2 2 . The standard
PBL coefficient is rb ¼ 0:06 (Liu and Wang 2012a). SST is
the sea surface temperature (SST), and a temperature of 30 °C
has been used at the equator. The PBL depth H b ¼ 1 km and
troposphere depth scale is H T ¼ 16=π ¼ 5:1 km (Majda and
Biello 2004). The frictional scale of the PBL, E, is selected to
represent a damping time scale of one-third day. The nondimensional frictional wave dynamics can be written as (Wang
and Rui 1990):
∂t u − y v þ ∂ x ϕ ¼ 0 ;
y u þ ∂yϕ ¼ 0 ;


~ f ∂x u þ ∂y v ¼ −F;
∂t ϕ þ 1−Q

ð2Þ
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convective heating directly, which means that the moisture convergence from the PBL will excite the deep convection instantly
without any delay. While in the framework including moisture
process, the PBL moisture convergence is parameterized into
moisture tendency, and a phase lag between the deep convection
and PBL moisture convergence exists. This phase lag was also
introduced in the frictional MJO skeleton model (Majda and
Stechmann 2009; Liu and Wang 2012a). Here, we assume that
a part of the moisture pumped by the PBL, i.e., αqek ; should be
delayed before triggering the deep convection with an adjustment time of τ, and the remaining part ð1−αÞqek will excite the
deep convection instantly; thus, the total convective heating
coming from the PBL moisture convergence is
F ¼ FD þ FS;

ð3Þ

where
F D ¼ ð1−αÞqek ;
αqek
:
∂t F S ¼
τ

ð4Þ

In the above equations, F D denotes the deep convective
heating coming from the PBL moisture convergence instantly,
and F S is the delayed part. The tendency of F S is assumed to
be proportional to the PBL moisture convergence, which
means that the positive (negative) PBL moisture convergence
anomalies create a tendency to enhance (decrease) the deep
convection. In the observation, the deep convection of the
MJO usually lags its leading PBL moisture convergence by
a time scale on an order of 1 day (Mapes et al. 2006; Hsu and
Li 2012; Jiang et al. 2015), and a time scale of 1 day is used
here for the delay time τ. The sensitivity experiments for this
critical parameter will be reported in the next section.
Equations (1–4) are a set of linear partial differential equations,
for which the eigenvalue problem can be readily solved. For the
zonally propagating planetary waves, we assume which have a
structure of ei ðkx−σtÞ. The phase speed and growth rate are defined by Re ðσÞ =k and Im ðσÞ ; respectively. After projected (1–4)
ontothefrequency-wavenumberspace,theeigenvaluesandeigenvectors can be calculated through matrix inversion corresponding
to each wavenumber. Because of the longwave approximation in
the troposphere, only Kelvin and Rossby waves are kept, and their
lowest modes can be represented by the lowest three meridional
modesofthemeridionalexpansionofparaboliccylinderfunctions.
The Rossby and Kelvin waves can be represented by using N ≤ 3,
and sensitivity experiments indicate that a higher N does not affect
theresults(notshown).Intheobservation,theclimatologicalmean
SST is usually maximum at the equator and decays poleward
(Kang et al. 2013; Liu et al. 2014); thus, only the lowest meridional
mode (lowest mode of parabolic cylinder functions) of the associ~ f and SST is used.
ated Q

In order to see the relative contributions of the equatorial
Kelvin and Rossby waves to these linear waves, we simply
define a Rossby-Kelvin ratio by the rate of the maximum
geopotential anomalies between the subtropical region (15°–
25°N) and equatorial (5°S–5°N) region.

3 Model results
Figure 1 shows the frequency and growth rate for different
processes. When the moisture pumped by the PBL is not delayed (α ¼ 0 ), that is, all of it excites the deep convection
instantly, the model has a dispersion relation in which the
frequency increases linearly with the increasing wavenumber.
This dispersion relation is similar with that of the moist Kelvin
waves. The horizontal structure of this mode is also dominated
by the Kelvin waves, in which the Rossby component is very
weak, and the Rossby-Kelvin ratio is only 0.1. In this solution,
all modes are unstable, among which shorter waves have
stronger instabilities. The longwave approximation in the
PBL can suppress the short waves and solve this Bultraviolet
catastrophe^ problem (Wang and Rui 1990).
When all the moisture pumped by the PBL is parameterized to be delayed for some hours (with a time scale of 1 day)
before triggering the deep convection (α ¼ 1; Fig. 1b), a new
MJO-like solution, which has a wavelength-independent dispersion relation, is introduced. The introduction of this new
solution can be shown by taking the Kelvin wave as an example. The formula for the frequency of the frictional moist Kelvin waves is a quadratic equation; only one solution exists for
the eastward-propagating mode and another solution exists for
the westward propagating mode (Wang 1988). When the delay process is included, a formula for the intraseasonal oscillation frequency of this model can be obtained by considering
an even simpler case of flow above the equator. In this case, v
and y are set to zero, and the meridional derivatives are ignored. We take the PBL longwave approximation and ignore
the zonal derivatives in the PBL
qek ¼ rb ðSST−9:18Þ

Hb
d 1 ϕyy ;
HT

ð5Þ

and the formula for the frequency can be written as:


~
~ f k 2 σ−d 1 Qb k ¼ 0;
σ3 − 1−Q
τ

ð6Þ

which is a cubic equation. The coefficient
~ b ¼ −rb ðSST −9:18Þ H b . A new solution is introduced in
Q
HT
Eq. (6).
It is interesting that, for this new solution, the longest wave
has the strongest instability, which can be explained by the
wavelength-dependent delay process (Fig. 2): The short
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Fig. 1 Linear wave oscillation
frequency as functions of
wavenumber for eastwardpropagating modes. Two
experiments are carried out, in
which a no moisture pumped by
the PBL is delayed (α ¼ 0 ) and b
all moisture pumped by the PBL
is delayed (α ¼ 1 ) before
triggering the deep convection.
Red and gray denote unstable and
damped modes, respectively.
Marker diameter corresponding
linearly to growth rate and the
maximum growth rate is
0.3 day−1

waves have a large phase lag between the deep convection and
PBL moisture convergence. As a result, the available potential
energy is small for short waves and may even become negative for wavenumber 4 (not shown). The wavenumberdependent relation between deep convection and PBL moisture convergence can be explained by Eq. (4): the phase lag
between deep convection and PBL moisture convergence is
determined by, and inversely proportional to, the magnitude of
the frequency σ. From Fig. 1b, we can see that the frequency is
small for short waves; thus, the phase lag is large for short
waves. From Eq. (6), the first-order term and zero-order term
with respect to the frequency are proportional to k 2 and k,
respectively, which means that two solutions are proportional
to k associated with the eastward/westward linear dispersion
relations and the third solution is inversely proportional to k
associated with the peculiar dispersion relation.
This conclusion about wavelength-dependent delay process
and associated longwave selection is important to understand
the MJO’s scale selection. This conclusion, however, is based
on this simple theoretical model, and it needs further works on
observation analysis to test this finding in the future works.
The successful representation of the MJO dispersion relation in this model prompted us to explain why the delay process of deep convection can slow down the eastward propagation. As noted in previous work (Wang 1988), the troposphere is usually stable for the wind convergence, and the
additional diabatic heating coming from the PBL moisture
convergence is an important instability source. Without the
delay process of deep convection, the additional middletropospheric diabatic heating, coming from the PBL moisture
convergence, is in phase with the Ekman pumping (Fig. 3a),
which leads the tropospheric moisture convergence and

induces fast eastward propagation. The model with delay processes has behavior that can be qualitatively different from
that without delay processes (Fig. 3b), and the additional
middle-tropospheric diabatic heating is collocated with the
tropospheric convergence and lags the Ekman pumping. This
additional middle-tropospheric diabatic heating should enhance the wind convergence and slow down the eastward
propagation.
It is interesting that the horizontal quadrupole-vortex structure is also simulated associated with the slow eastward propagation of the MJO-like mode (Fig. 3b). This horizontal
quadrupole-vortex structure, with a stronger Rossby component, was also simulated by the skeleton model when the delay
process was included (Majda and Stechmann 2009; Liu and
Wang 2012a, 2013a).
This slowdown of eastward propagation caused by a delay
process of deep convection was also shown by the Bmoisture
mode^ theory (Sobel and Maloney 2012, 2013). In their
works, a very slow eastward propagation, which is well separated from the CCEWs, was simulated with a convective
time scale on the order of a day. Since no wave dynamics
was included there, the simulated eastward propagation is
much slower than observation.
For different delay time, the first eastward-propagating solutions are always strong damping modes having a moist Kelvin wave-like dispersion relation (not shown). The second
solution introduced by the delay process is very different,
and Fig. 4 shows that this new MJO-like solution is very
sensitive to the delay time τ. For this second solution, the
model presents stationary modes at some wavenumbers. These stationary modes are very different from the propagating
ones, and their pressure and PBL convergence anomalies are
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Fig. 2 Horizontal structures of
normalized precipitation
(shading), winds (vectors),
geopotential (thin contours), and
upward Ekman pumping (thick
contour) for a the unstable
wavenumber 1, b the unstable
wavenumber 2, and c the unstable
wavenumber 3 when all moisture
pumped by the PBL is delayed
(α ¼ 1 ). Contour interval is 0.2,
and positive (negative) values are
indicated by solid (dashed)
contours. Only upward Ekman
pumping with a value of 0.8 is
contoured. To show their relative
phase relationship, only one cycle
has been drawn for different
wavenumbers

zero, which means that a balance between the wind convergence and diabatic heating exists and the PBL process is not
included. As we focus on the role of the PBL moisture convergence, we delete this stationary solution in which the PBL
tropospheric circulation and PBL process are not coupled.
Fig. 3 Horizontal structures of
normalized precipitation
(shading), winds (vectors),
geopotential (thin contours), and
upward Ekman pumping (thick
contour) for the unstable
wavenumber 2 in the experiments
a with and b without the delay
processes. The white lines denote
the diabatic heating F S in (a) and
F D in (b), respectively. Contour
interval is 0.2, and positive
(negative) values are indicated by
solid (dashed) contours. Only
upward Ekman pumping with a
value of 0.8 is contoured

When the delay process is short that represents the moisture
pumped by the PBL will stay in the lower troposphere for only
few hours, this new solution only exist since wavenumber 4,
in which only wavenumber 4 is unstable and this new solution
does not exist for the long waves. When the delay process is
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Fig. 4 MJO-like solution
associated with the eastwardpropagating mode for different
delay time scales. Frequency
(shading) and growth rate
(contour) as functions of
wavenumber and delay time are
shown for the calculation when all
moisture pumped by the PBL is
delayed (α ¼ 1 ). Positive and
negative values are denoted by
black and white contours,
respectively. Over the blank
regions, the MJO-like solutions
do not exist

long, namely, the moisture pumped by the PBL will stay in the
lower troposphere for some hours before triggering the deep
convection, this new solution exists on the planetary scale
having an oscillation period of 30–90 days, while this new
solution does not exist for short waves.
Sensitivity experiments with respect to the PBL coefficient
~ b , the PBL damping E, and the vertical gradient of mean
Q
~ f all show this new solution drastically changes near
moisture Q
wavenumber 4. For the frictional Kelvin waves with delay process of deep convection, this new eastward-propagating modes
exist for all wavenumbers (figure not shown), which means that
the drastic change in this new solution may be caused by the
coupling of Rossby waves, Kelvin waves, and PBL moisture
convergence. The frequency of this MJO-like mode is maximum at wavenumbers 2 and 3 when the delay time is about 1–
2 days. In Eq. (6), the frequency is determined by the wavenumber and other parameters such as the moist static instability
and delay time. The explanation may be of interest in future
studies but is not considered here.
To understand why the MJO only propagates eastward, our
explanation which based on these theoretical results are in
broad agreement with the observation analysis (Hsu and Li
2012) and GCM simulations (Hsu et al. 2014); the eastward
propagation of the MJO is caused by the moisture asymmetry.
Because of the intrinsic character of the eastward-propagating
Kelvin waves, the low-level negative pressure anomalies will
excite upward Ekman pumping to the east side of the convective center, which tends to moisten the lower troposphere and
generates this moisture asymmetry, i.e., positive/negative
moisture anomaly in front of/behind the convective center.
This moisture asymmetry will induce the eastward propagation of the MJO-like mode.

In observations, the congestus clouds were observed to prevail in front of the convective center of the MJO (Benedict and
Randall 2007; Zhang and Song 2009; Del Genio et al. 2012),
where the fast eastward-propagating Kelvin waves coupled
with deep convection were also observed (Roundy 2008). These observations mean that some of the moisture coming from
the PBL Ekman pumping becomes the deep convection instantly relative to the MJO, while some of them tends to form the
shallow congestus cloud that accumulates the moisture to the
eruption of deep convection (Khouider and Majda 2006, 2007).
To mimic this process, we make a simple assumption that only
a half part of the PBL moisture convergence is delayed (Fig. 5).
This model gives both unstable high-frequency short waves and
unstable low-frequency planetary-scale waves, associated with
the first and second solutions, respectively. The first solution
has a moist Kelvin wave-like dispersion relation, and the short
waves grow fast. The second MJO-like solution has a peculiar
dispersion relation and the planetary-scale waves are most unstable. This result means that the delay process will select the
planetary-scale waves to have the strong instability, while the
frictional instability without delay process will select the highfrequency short waves. This simulated power spectrum in
Fig. 5 mimics the observed power spectrum of the MJO and
moist Kelvin waves well (Kiladis et al. 2009).
Figure 6 shows the horizontal structures of the unstable
wavenumber 4 and wavenumber 1 in Fig. 5. The horizontal
structure of the unstable short wave is dominated by the equatorial moist Kelvin waves, and the Rossby component is very
weak, represented by a small Rossby-Kelvin ratio with a value
of 0.2. The unstable wavenumber 1 shows a coupled RossbyKelvin structure with a strong Rossby component, and the
Rossby-Kelvin ratio is 0.6.
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Fig. 5 Same as in Fig. 1, except
for the case when half of the
moisture pumped by the PBL is
delayed (α ¼ 0:5 )

4 Concluding remarks
The authors present a simple theoretical model, including the
planetary boundary layer (PBL) moisture convergence and the
delay process of deep convection, to simulate the unstable lowfrequency Madden-Julian oscillation (MJO)-like mode and

Fig. 6 Same as in Fig. 2, except
for a the unstable wavenumber 4
and b the unstable wavenumber 1
in the calculation when half of the
moisture pumped by the PBL is
delayed (α ¼ 0:5 )

unstable high-frequency moist Kelvin wave-like mode simultaneously, which is in broad agreement with the observations
(Kiladis et al. 2009). The delay process of deep convection is
responsible for the selection of planetary-scale waves having the
strongest instability and for the separation of MJO-like mode
from the convectively coupled equatorial waves (CCEWs).
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The frictional wave dynamics without the delay process will
select the short waves to have the strongest instability.
The delay process of the deep convection is also found in
the observation and in the general circulation models (GCMs)
simulation for the MJO. In recent model analysis (Jiang et al.
2015), the GCMs with good MJO simulations all show significant delay of deep convection, and an upward vertical and
westward tilt exists. In front of the deep convection of the
MJO, the congestus clouds were observed to prevail (Benedict
and Randall 2007; Zhang and Song 2009; Del Genio et al.
2012), which accumulates the moisture pumped from the PBL
and delays the eruption of deep convection (Khouider and
Majda 2006, 2007). Thus, our theoretical results demonstrate
that proper simulation of the moisture accumulation and the
delay process of deep convection are important for adequately
simulating the MJO in the GCMs.
In this theoretical model, the propagation mechanism relies
on the role of intraseasonal pressure anomalies near the equator (Wang and Rui 1990; Salby and Hendon 1994). In the
tropics, there are also a number of works based on the weak
temperature gradient (WTG) approximation against these
strong pressure asymmetry (Sobel et al. 2001; Sobel and
Maloney 2012, 2013). Examination of this PBL WTG approximation on the intraseasonal time scale is of interest in future
studies. Here, the convective instability mainly comes from
moisture convergence. Whereas theoretical works (Wang
1988) and observation analysis (Hsu and Li 2012) all demonstrated the importance of moisture convergence in the MJO
and in the boreal summer intraseasonal oscillation (Liu et al.
2015), other parts of convection is also important for the MJO;
for example, the enhanced stratiform favors the good simulation of MJO in GCMs (Fu and Wang 2009), the upscale momentum and heat transfer from small to large scale may also
play an important role in maintaining the MJO (Wang and Liu
2011; Liu et al. 2012; Liu and Wang 2012a, b, 2013a,, b), and
other processes are reviewed by Zhang (2005). These processes should be also included in the future works.
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