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Abstract: Multiscale oceanic motions continuously transfer kinetic energy across various 
spatiotemporal scales through kinetic energy cascade. Satellite altimetry offers long-term 
daily ocean data at 0.25-degree resolution, enabling the analysis of energy cascades in both 
wavenumber and frequency domains. While energy cascade studies in the wavenumber 
domain are well-developed, frequency domain analyses remain limited. In this study, us-
ing 24 years of velocity data from satellite altimetry, we analyze the surface frequency-
domain kinetic energy cascade primarily using the coarse-graining method. Compared to 
other approaches in literature, the coarse-graining approach shows superiority in diag-
nosing energy cascade in the frequency domain. Using this approach in the Kuroshio Ex-
tension region, we compare the spatiotemporal variability of energy cascades between the 
frequency and wavenumber domains. A pronounced low-frequency forward cascade, 
distinct from the wavenumber domain results, is identified. We propose a theory linking 
this low-frequency forward cascade with eddy generation through eddy–mean flow in-
teractions. Significant variability is also observed in frequency domain energy cascades. 
Further analysis shows that wind forcing only plays a minor role in modulating the tem-
poral variability of the energy cascade. Our findings are crucial for evaluating the model’s 
fidelity and advancing investigation of climate variability from the perspective of energy 
transfer. 

Keywords: kinetic energy cascade; satellite products; frequency domain; AVISO;  
coarse-graining approach; spatiotemporal variability 
 

1. Introduction 
Oceanic motions, as part of a complex turbulent system, span a wide range of spati-

otemporal scales. The kinetic energy (KE) within these motions is continually transferred 
across scales due to nonlinear interactions, which drives the ocean circulation system to-
ward equilibrium. This process of cross-scale energy transfer, known as the energy cas-
cade [1], serves as a crucial mechanism linking flows across vastly different scales [1–3]. 
An accurate estimation of the energy cascade is vital for understanding the ocean’s energy 
pathways and assessing its potential influence on low-frequency climate variability [4,5]. 

Rapid development of satellite altimetry in recent decades has brought unprece-
dented opportunities for geostrophic KE energy cascade study. Satellite altimetry offers 
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daily data with a 0.25-degree resolution, enabling geostrophic KE cascade analyses in both 
the wavenumber and frequency domains. Based on the sea surface height (SSH) data from 
satellite altimetry, a predominant inverse KE cascade in the surface ocean was firstly ob-
served in the wavenumber domain [2]. This inverse cascade, previously predicted by the 
two-dimensional quasi-geostrophic turbulence theory [1], demonstrates that geostrophic 
KE in the surface ocean predominantly transfers to larger spatial scales. Building on this 
pioneering work, significant progress has been made in the KE cascade study, especially 
using satellite altimetry data [6–9]. 

Current theories on KE energy cascade are primarily developed in the wavenumber 
domain. A commonly used metric for estimating KE transfer across different scales is the 
spectral KE flux. For gridded ocean data, three widely-used approaches for quantifying 
spectral KE fluxes in the wavenumber domain are: the spectral approach [8,10–13], the 
coarse-graining approach [5,14,15], and the method employed by Scott and Wang (here-
after the SW approach) [2,9,16]. Yang and Chen [17] systematically compared these three 
approaches in the wavenumber domain and highlighted the strengths of the coarse-grain-
ing approach for wavenumber domain KE cascade diagnosis, especially its adherence to 
Galilean invariance. 

In contrast, diagnostic frameworks for frequency-domain KE cascades remain under-
developed. Arbic et al. [6,18] proposed a stream-function-based spectral framework, 
which provides the first exploration of the frequency-domain KE cascade. They applied 
this framework to an idealized quasi-geostrophic (QG) model, a realistic ocean model, and 
satellite altimetry data. However, this spectral framework has two issues, which could 
potentially introduce biases in the frequency-domain KE cascade estimation: (i) it is es-
sentially equivalent to the spectral approach, which includes a transport component ac-
cording to Yang and Chen [17]; (ii) this spectral framework is derived based on a highly 
idealized two-layer QG model. 

More recently, the coarse-graining approach [14] was extended to KE cascade studies 
in the frequency domain [19–21]. However, this approach has neither been applied to ge-
ostrophic KE cascade studies based on satellite altimetry, nor has it been used for low-
frequency KE cascade analysis. Low-frequency KE cascade analysis is potentially critical 
for understanding climate variability. Previous studies mainly used in situ observations 
[20] or numerical simulations [19–21]. In addition, their focus is on high-frequency KE 
transfers, such as those within the submesoscale range [19,21] or between mesoscale and 
submesoscale ranges [20]. Despite these advancements, the two other approaches widely 
used in the wavenumber domain, the spectral approach and the SW approach, have not 
yet been extended to the frequency domain. In addition, systematic comparison among 
the three approaches in the frequency domain remain lacking. These methodological un-
certainties would introduce potential biases into KE cascade studies. Given the limited 
evaluation of frequency domain KE cascade methods and their restricted application to 
satellite altimetry data across the whole available frequency ranges, we aim to (i) develop 
and compare various approaches for frequency domain KE cascades, and (ii) estimate KE 
cascades using satellite altimetry data at a wide range of frequencies. 

Furthermore, the theoretical understanding of frequency domain energy cascades re-
mains limited. From a spectral perspective, low wavenumbers are expected to correspond 
to low frequencies [22,23]. Inverse cascade has been typically identified at the low-wave-
number range [2,5,12]. Intuitively, one would expect that an inverse cascade would exist 
in the low-frequency range. However, using the spectral framework in the context of QG 
model, a strong forward cascade at low frequencies was previously identified by Arbic et 
al. [6] from the satellite altimetry data at some regions, such as the Kuroshio Extension 
region. Whether this phenomenon is sensitive to the choice of diagnostic approaches is to 
be determined. The mechanism for this low-frequency forward cascade also remains 
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unclear. Therefore, another aim of this study is to investigate and interpret the underlying 
dynamics of this forward cascade in the low-frequency ranges. We also aim to systemati-
cally compare energy cascade in the frequency domain with that in the wavenumber do-
main, about which relatively few studies exist. 

In this study, based on a 24-year velocity product of satellite altimetry from the Ar-
chiving, Validation, and Interpretation of Satellite Oceanographic Data (AVISO) program, 
we evaluate surface KE cascade in the frequency domain in the Kuroshio Extension region. 
As one of the most dynamically active areas in the global ocean, this region is character-
ized by intense multiscale interactions and contains a large portion of oceanic kinetic en-
ergy [11,24–26]. These features make this region an ideal site for KE cascade study. 

KE cascade in this study is quantified through spectral KE fluxes. Comparison be-
tween three approaches highlights the superiority of the coarse-graining approach for KE 
cascade study in the frequency domain. Employing the coarse-graining approach, we 
compared the KE cascade results in the frequency and wavenumber domains. We ob-
served a strong forward cascade at low frequencies, distinct from that in the wavenumber 
domain, and find that it is closely associated with eddy–mean flow interactions in this 
region. A theory linking low-frequency KE cascade and eddy–mean flow interaction is 
also proposed. Additionally, the temporal variability of KE cascades in the frequency do-
main differs from that in the wavenumber domain. Wind forcing is found to be a weak 
factor modulating the variability of KE cascades in the frequency domain. 

This study is organized as follows. Section 2 introduces the definition of spectral KE 
energy flux and the three diagnostic methods in the frequency domain. Comparison be-
tween the three approaches in the frequency and wavenumber domains is also discussed. 
Section 3 describes the satellite products and data processing methods used in this study. 
Section 4 presents the main findings of this study. Section 5 is the summary and discussion. 

2. Formulation of Diagnostic Framework 
2.1. Definition of Kinetic Energy Cascade in the Frequency Domain 

KE in the ocean is partitioned by different frequencies and generally increases quasi-
monotonically with decreasing frequency [20,21,27] (Figure 1a). At low frequency, KE 
tends to vary slowly, while at high frequency, KE varies rapidly (Figure 1b). Due to the 
highly active coupling interaction between oceanic motions at different frequencies, KE 
constantly transfers across various frequencies through frequency KE cascade. Forward 
KE cascade in the frequency domain indicates KE transfer from low frequencies to high 
frequencies, while inverse KE cascade indicates transfer of KE from high frequencies to 
low frequencies (Figure 1b). 

 

Figure 1. Definition of kinetic energy cascade in the frequency domain. (a) Frequency spectrum of 
domain-averaged geostrophic kinetic energy from velocity product of satellite altimetry data at the 
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Kuroshio Extension region. The red vertical dashed line indicates the frequency of 1/365 cycles per 
day (cpd), which marks the evident annual cycle of geostrophic KE in this region. (b) Schematic 
diagram of kinetic energy cascade in the frequency domain. Here the geostrophic KE at frequencies 

lower than frequency ω  is defined as 2 2
0

1 ( )
2

KE u vω ω ωρ= + , where u and v are zonal and merid-

ional velocities, respectively. 0ρ  is referenced density and takes a constant of 1027.4 kg m−3. uω 

and vω are derived from low-pass-filtered velocities at (36°N, 142°E) based on gridded AVISO sat-

ellite altimetry. The red (blue) arrows represent the forward (inverse) cascades in the frequency 
domain. 

Spectral KE flux serves as a powerful metric for KE cascade study [2,15]. In the fre-

quency domain, the spectral KE flux ( ωΠ ) quantifies KE transfer from flows at frequen-
cies lower than a specific frequency ω  to those at higher frequencies. A positive flux 
indicates a forward KE cascade, while a negative one indicates an inverse KE cascade. 

Through calculating ωΠ  at each frequency, we can obtain the amounts of KE transfer 
across the whole available frequency range. 

In this study, we introduce three definitions of spectral KE flux in the frequency do-
main: the spectral approach, the SW approach and the coarse-graining approach, which 
have proven effective for studying KE cascades in the wavenumber domain. Mathemati-
cal forms for these approaches are presented in Table 1. For their detailed derivation, see 
S1 in Supplementary Materials. The three approaches introduced here have the following 
unique aspects: 

• The spectral approach (
Sp
ωΠ  in Table 1): The spectral approach here is developed 

directly from the primitive equations, instead of from the highly idealized quasi-ge-
ostrophic model as that in Arbic et al. [6,18]. It is essentially a natural extension of the 
spectral approach in the wavenumber domain [10,13] to the frequency domain. Based 
on the momentum equations (Equation (S1) and (S2) in Supplementary Materials), 
the spectral KE flux from this approach is obtained through the integration of Fou-
rier-transformed advection term from one specific frequency to the highest available 
frequency; 

• The SW approach (
SW
ωΠ  in Table 1): The SW approach is developed for frequency-

domain KE cascade for the first time. It is extended from the method proposed by 
Frisch [16] and Scott and Wang [2], which has not been applied in the frequency do-
main. Through applying a low-pass filter to momentum equations, this approach ob-
tains spectral KE flux from the low-frequency KE budget equation. The low-pass fil-
ter here is defined as a specific type of filter that allows signals with a frequency lower 
than the cutoff frequency to pass through, while attenuating signals with frequencies 
higher than the cutoff frequency. The advection of low-frequency kinetic energy by 

total velocity (
SWJω  in Table 2) is excluded from the original advection term due to 

its small effects to KE budget [16]; 

• The coarse-graining approach (
Cg
ωΠ  in Table 1): Here, the coarse-graining approach 

is firstly applied to satellite altimetry data and shows its superiority in accurately 
estimating KE cascade. It was initially introduced by Aluie et al. [14], and was re-
cently extend to the frequency domain [19–21] focusing on KE transfer at high fre-
quencies. In situ observations [20] and numerical simulations [19–21] were used in 
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these studies. However, previous literature [5,15,21] did not apply this approach to 
satellite altimetry-based study, and results of low-frequency KE cascade are also yet 
to be explored from this approach. Here, we apply the coarse-graining approach to 
the KE cascade study at the whole available frequency range, spanning from monthly 
to yearly timescales. The KE cascade term from the low-frequency KE budget equa-

tion is separated from a transport part (
CgJω  in Table 2). 

Table 1. Mathematical forms of the spectral KE flux in the three approaches. Refer to Supplementary 
Materials for detailed derivation. 

Approach Mathematical Form of Spectral KE Flux 

Spectral approach (
Sp
ωΠ ) 

( , , ) ,Sp T x yω
ϖ ω

ϖ ϖ
>

Π = Δ  where 

* *
0( , , ) Re[F( ) F( ) F( ) F( ) ]u u v vT x y u v u u v v

x y x yϖ ϖ ϖ ϖϖ ρ ∂ ∂ ∂ ∂= − + + +
∂ ∂ ∂ ∂  

SW approach (
SW
ωΠ ) 0[ ( ) ( )]SW u u v v

u u v v u v
x y x y
ω ω ω ω

ω ω ωρ
> > > >

< <∂ ∂ ∂ ∂
Π = + + +

∂ ∂ ∂ ∂
 

Coarse-graining approach (
Cg
ωΠ ) 

0[ ( , ) ( , ) ( , ) ],Cg u u v v
u u u v v v

x y x y
ω ω ω ω

ω ω ω ωρ τ τ τ
< < < < ∂ ∂ ∂ ∂

Π = − + + +  ∂ ∂ ∂ ∂ 
 where

 
( , ) ( )i j i j i ju u uu u uω ω ω ωτ < < <= −

Here, u is the zonal velocity and v is the meridional velocity. ω
<⋅  and ω

>⋅  represent the low-pass 

filtered and high-pass filtered components, respectively. 0ρ  is the seawater referenced density and 
takes a constant of 1027.4 kg m−3. ( , , )T x y ϖ  in the spectral approach originates from the advection 

term in the momentum equation. It measures the redistribution of kinetic energy among different 

frequencies. 2 /n Tϖ π=  is the frequency at each sampling point, where [ ]/2, /2n N N∈−  and T 

is the total sampling duration. N is the total sampling points. F ( )⋅  denotes taking the discrete 
Fourier transform (DFT) and * indicates complex conjugate. Re( )⋅  denotes taking the real part. The 

subfilter stress ( , )i ju uωτ  in the coarse-graining approach represents the contribution of high-fre-

quency flows at frequencies higher than ω  to lower-frequency flows. 

2.2. Discussion: Comparison Among the Three Approaches 

Here we compare the three approaches proposed in Section 2.1 in the frequency do-
main for the first time. In contrast with the other two approaches in Tables 1 and 2, coarse-
graining approach has three advantages: (i) the exclusion of transport component, (ii) ap-
plicability to inhomogeneous flows and (iii) adherence to Galilean invariance (Figure 2). 

As shown in Figure 2, unlike the other two approaches, the coarse-graining approach 
does not rely on assumptions of homogeneity or isotropy [14,15,19,20], making it particu-
larly effective for investigating energy transfer mechanisms in heterogeneous flow re-
gimes. Additionally, both the coarse-graining approach and SW approach exclude a 
transport part (Table 2) from the KE cascade term, which only redistribute KE spatially 
but do not contribute to the KE transfer across different frequencies. Another unique ad-
vantage of the coarse-graining approach is its adherence to Galilean invariance (see proof 
in Appendix A). Galilean invariance ensures that cascade estimates remain invariant un-
der inertial frame transformations, preventing errors caused by advective effects in meth-
ods that don’t have this property [14]. Such theoretical robustness provides superior quan-
tification of KE transfer rates compared to the other two approaches. 
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To further confirm the advantages of the coarse-graining approach, we compared the 
spectral KE fluxes from the three approaches at the Kuroshio Extension region (Appendix 
B). Our numerical results again show that the coarse-graining approach is superior in ac-
curately assessing KE cascade through excluding a transport part and adhering to Gali-
lean invariance (Figure A1). For detailed information, refer to Appendix B and Figure A1. 

Table 2. Mathematical forms of the transport terms in the SW and coarse-graining approaches. 
Refer to Supplementary Materials for detailed derivation. 

Approach Mathematical Form of Transport Term 

SW approach 0
SW u u v v
J u u u v v u v v

x y x y
ω ω ω ω

ω ω ω ω ωρ
< < < <

< < < < ∂ ∂ ∂ ∂
= + + +  ∂ ∂ ∂ ∂ 

 

Coarse-graining approach 
0

( ) ( )

[ ( , ) ( , )] [ ( , ) ( , )]

CgJ u KE v KE
x y

u u u v u v u u v v v v
x y

ω ω ω ω ω

ω ω ω ω ω ω ω ωρ τ τ τ τ

< < < <

< < < <

∂ ∂= ⋅ + ⋅
∂ ∂

 ∂ ∂+ + + + ∂ ∂ 
 

Here, K E ω
<  is defined as 0

1 ( )
2

KE u u v vω ω ω ω ωρ< < < < <= + , which represents kinetic energy of low-fre-

quency flows. 
SWJω   represents the advection of low-pass-filtered velocity with total velocity. 

CgJω represents transports of K E ω
<  due to low-frequency and high-frequency flows. 

 

Figure 2. Schematic diagram illustrating the advantages and disadvantages of the three methods for 
diagnosing frequency-domain KE cascade. The term “excluding transport” refers to the exclusion 

of the spatial transport term, which does not represent energy cascade (
SWJω  and 

CgJω  in Table 

2), from the spectral kinetic energy flux. “Applicable to inhomogeneous flows” allows the approach 
free of the assumption of homogeneity or isotropy. “Galilean invariant” refers to the property en-
suring that cascade estimates remain invariant under inertial frame transformations. Approaches 
that align with the characteristics are marked with “√”, while those do not are marked with “×”. 

2.3. Comparison Between Methods in the Frequency and Wavenumber Domains 

One of the goals of this study is to compare energy cascade features from the fre-
quency domain with those in the wavenumber domain. Therefore, for the convenience 
of the readers, here we also provide the mathematical forms of these approaches in the 
wavenumber domain (Table 3). As shown in Tables 1 and 3, the three methods share 
similar forms in both the frequency and wavenumber domains. However, they differ in 
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their physical kernels. Here, the subscripts “ω ” or “K” represent KE transfer rate at a 
specific frequency or wavenumber. In the frequency domain, the three approaches calcu-
late the spectral KE fluxes by decomposing the one-dimensional velocity time series into 
components at different frequencies. The spectral KE flux thus represents the KE transfer 
rate across different temporal scales. In contrast, in the wavenumber domain, the spec-
tral KE fluxes represent the KE transfer rate across different spatial scales, obtained by 
decomposing the 2-dimensional velocity fields into multiple wavenumber components. 

Table 3. Mathematical forms of the three approaches in the wavenumber domain. These formulas 
are based on [17].  

Approach Mathematical Form of Spectral KE Flux 

Spectral approach (
Sp
KΠ ) 

2( , , ) ,Sp
K x y

K
T k k t k

κ >
Π = Δ  where 

* *
0( , , ) Re[F( ) F( ) F( ) F( ) ]x y k k k k

u u v vT k k t u v u u v v
x y x y

ρ ∂ ∂ ∂ ∂= − + + +
∂ ∂ ∂ ∂  

SW approach (
SW
KΠ ) 0[ ( ) ( )]SW K K K K

K K K
u u v vu u v v u v
x y x y

ρ
> > > >

< <∂ ∂ ∂ ∂
Π = + + +

∂ ∂ ∂ ∂
 

Coarse-graining approach (
Cg
KΠ ) 

0[ ( , ) ( , ) ( , ) ],Cg K K K K
K K K K

u u v vu u u v v v
x y x y

ρ τ τ τ
< < < < ∂ ∂ ∂ ∂

Π = − + + +  ∂ ∂ ∂ ∂ 
 where

 

( , ) ( )K i j i j K iK jKu u uu u uτ < < <= −

Here, u and v are zonal and meridional velocities, respectively. ( ) ( ), 2 / , /x y x yk k m L n Lπ=  is the 

horizontal wavenumber vector, where ,
2 2
x xN Nm  ∈ −  

 and ,
2 2
y yN N

n
 

∈ − 
 

. xN and yN  are 

grid point numbers in zonal and meridional directions, respectively. xL   and yL   are zonal and 

meridional domain sizes, respectively. 2 2
x yk kκ = +   is isotropic wavenumber. F( )⋅   denotes 

taking the discrete Fourier transform (DFT) and * indicates complex conjugate. Re( )⋅  denotes tak-

ing the real part. K
<⋅  and K

>⋅  represent the low-pass filtered and high-pass filtered components in 

the wavenumber domain, respectively. Detailed derivation of the three approaches can be found in 
[17]. 

3. Data and Methods 
3.1. Satellite Products 

In this study, we utilize satellite altimetry data from AVISO to diagnose spectral KE 
fluxes. Previous studies have confirmed that the AVISO data is useful for energy cascade 
study [2,5,6,9]. To obtain energy cascade results for a wide range of frequencies, we 
choose to use the geostrophic surface current velocity data with the temporal duration of 
24 years (1 January 1994–31 December 2017). This dataset, with a spatial resolution of 
0.25° and a temporal resolution of one day, is consistent with the in situ drifter data, con-
firming its effectiveness and reliability [28]. This dataset is also used to calculate the cur-
rent velocities in the wind power input term within the KE budget. 

Version 3.1 of Cross-Calibrated Multi-Platform (CCMP V3.1) is used to calculate the 
wind power input in Section 4.4. This product provides six-hourly vector wind data, 
integrating ocean surface wind observations from various satellite microwave sensors 
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with a background field derived from reanalysis. The dataset has a spatial resolution of 
0.25° and also spans the period from 1 January 1994 to 31 December 2017 in this study. 

3.2. Filtering Methods 

In the frequency domain, a convolution-based low-pass filter is applied to the time 
series of velocity data at each frequency when evaluating KE cascade from the SW ap-
proach and the coarse-graining approach. For any time series of velocity u, the low-pass 
filtered velocity at frequencies lower than the cutoff frequency ω  can be defined as: 

u G uω ω
< = ∗ , (1) 

where * is a convolution and Gω  is the normalized kernel (window) function. The filter 
kernel we used here is a fourth-order Butterworth kernel [29–31], whose response function 
is: 

( )2
1( )

1 n
s

H ω
ω ω

=
+

, (2) 

where n is the order of the filter, which is set as four in this study. sω is the sample fre-

quency, which is 1 cpd here. Then, the high-pass filtered velocity uω
>

 is defined as: 

u u uω ω
> <= − , (3) 

which retains the information of velocity at frequencies higher than ω . This spectrally 
sharp filter has proven effective in several energy cascade studies in the frequency do-
main [20,21]. 

Through applying this Butterworth filter to velocity data from AVISO satellite al-
timetry, we can directly isolate the low-frequency and high-frequency component of the 
velocities. The spectral KE fluxes and spatial transports are then calculated using the 
formulas in Tables 1 and 2. To mitigate the edge effects introduced by the filtering proce-
dure [19,21], we truncated approximately 1.2 times the filter’s temporal scale from both 
ends of the filtered time series. For the spectral approach, inspired by the filtering 
method used in the wavenumber domain [8,12,17], we apply a discrete Fourier trans-
form (DFT) operation to the velocity data to decompose scales in the frequency domain. 

While in the wavenumber domain, to calculate 
Cg
KΠ  from the coarse-graining ap-

proach (Table 3), we use a uniform filter that has been widely used in literature 
[14,21,32] to decompose scales in the spatial space. The filter kernel is chosen to be a spa-
tially sharp top-hat kernel [14,21,32]. 

3.3. Analysis 

We estimate the KE cascade in the frequency domain over a range of frequencies 
from 5.48 × 10⁻⁴ cpd (cycles per day) to 0.01 cpd, corresponding to temporal scales of 5 
years to 3 months. The minimum temporal scale of 3 months is determined based on the 
Nyquist period of satellite observations. Considering the periods discarded during the 
filtering process, the maximum temporal scale is set to 5 years, ensuring that half of the 
time series length (12 years) is retained for further analysis. 

4. Results 
Using satellite altimetry data, we characterize the kinetic energy cascade in the fre-

quency domain at the Kuroshio Extension region. Given the established superiority of the 
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coarse-graining approach in the wavenumber domain [5,14,15,17], we compare the KE 
cascade results in both the frequency and wavenumber domains using this approach, aim-
ing to fully elucidate the underlying mechanisms of the frequency-domain KE cascades 
in the Kuroshio Extension region. The spatiotemporal variability of KE cascades in both 
the wavenumber and frequency domains is also compared. We found that compared to 
the results in the wavenumber domain, KE cascade in the frequency domain is character-
ized by a strong forward cascade at low frequencies (mostly at frequencies lower than 
0.002 cpd). This is closely associated with eddy–mean flow interactions, through which 
energy can be exchanged between time-varying eddies and the mean flow (Section 4.1). 
We further propose a theory to support this finding (Appendix C). The inverse cascade in 
the frequency domain is generally stronger than that in the wavenumber domain (Section 
4.2). Additionally, we demonstrate that the temporal variability of KE cascade in the fre-
quency domain is weakly linked with wind forcing (Section 4.4). 

4.1. Forward Energy Cascades: Frequency vs. Wavenumber Domain Results 

4.1.1. Phenomenon 

Unlike the predominant upscale KE transfer observed in wavenumber space 
[2,5,8,12,14] (Figure 3a), the frequency-domain KE cascade in the Kuroshio Extension re-
gion is characterized by a strong downscale transfer, particularly at very low frequencies 
(Figure 3b). This low-frequency forward cascade was also noted by Arbic et al. [6] using 
AVISO satellite altimetry data. However, the mechanism of the low-frequency forward 
cascade has not been considered in literature. This is partially because this phenomenon 
seems counterintuitive: Low-wavenumber motions generally have low-frequencies [22,23] 
and thus inverse cascade at low wavenumbers should correspond to inverse cascade at 
low frequencies; however, forward cascade at low frequencies have been identified here. 
The discrepancy between the wavenumber-domain and frequency-domain KE cascade 
results in the Kuroshio Extension region reveals the complex relationship between tem-
poral and spatial scales in this region. 

We define the maximum positive value of a spectral kinetic energy flux as the ampli-
tude of the forward kinetic energy cascade (hereafter Ampforward), which quantifies the 
strength of forward cascade. The spatial pattern for Ampforward in the frequency domain 
reveals that the frequency domain forward cascade predominantly occurs in the Kuroshio 
Extension region (Figure 3c), with approximately 83% of the grid points displaying for-
ward cascading behavior. Strong forward cascades are predominantly observed in the 
upstream of the Kuroshio Extension region, particularly in areas where the jet flow is in-
tense. Considering the distinctions between the forward cascades in the frequency and 
wavenumber domains, we next explore the underlying mechanism of the low-frequency 
forward cascade from the perspective of eddy–mean flow interactions. 
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Figure 3. Comparison between the forward KE cascades in the wavenumber and frequency domain. 
(a) Spatiotemporal-averaged spectral kinetic energy flux in the wavenumber domain at the Kuro-
shio extension region. The diagnostic method used here is the coarse-graining approach in Table 3. 
(b) as in (a), but in the frequency domain. The vertical dashed grey line in (b) indicates the frequency 
at 0.01 cpd, and the solid red dot represents the amplitude of the forward cascade. Both of the two 
fluxes are estimated using AVISO satellite altimetry data. (c) Spatial pattern for forward cascade 
amplitude (Ampforward), which is defined in (b), in the frequency domain. A 1° running average is 
applied to the spatial map here. Gray lines in (c) indicate barotropic streamlines g fψ η= , where 
g  is the gravitational acceleration, f is the Coriolis parameter, and η  is the time–mean sea sur-

face height. 

4.1.2. Interpretation 

Eddy–mean flow interaction denotes the interaction between time–mean flow and 
time-varying eddies. Based on the eddy-driven theories, eddies can cause the mean flow 
to evolve, and the instabilities in the mean flow can generate eddies [33]. In this process, 
kinetic energy can be exchanged between eddies and mean flow [34,35]. This eddy–mean 

kinetic energy exchange process can be quantified by KEM  in the ocean Lorenz energy 
cycle, which represents the eddy kinetic energy (EKE) change rate due to eddy momen-
tum fluxes [34,36–38]. Its mathematical formula is 

0[ ],KE
u u v vM u u u v v v
x y x y

ρ ∂ ∂ ∂ ∂′ ′ ′ ′ ′ ′= − + + + ∂ ∂ ∂ ∂
 (4) 

where ⋅  denotes mean flow, and '⋅  denotes the time-varying eddies. Note that KEM  
in this study is diagnosed using geostrophic velocity from satellite altimetry, which rep-

resents the contribution of geostrophic flow to KEM  [34]. The eddy–mean kinetic energy 

exchange process, quantified by KEM , is particularly prevalent in the Kuroshio Extension 
region. In the western part of the Kuroshio Extension, where barotropic instability is 
strong, most of the KE released from the mean flow tends to transfer to time-varying ed-

dies (i.e., KEM  > 0). In the eastern part, however, KE could be transferred back to the 

mean flow (i.e., KEM  < 0) [34]. 
The linkage between low-frequency forward cascade and eddy–mean flow interac-

tion can be rigorously derived through Fourier expansion (see Appendix C). In the Lorenz 
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energy cycle, mean flow is typically defined as the time–mean flow, while eddies repre-
sent the time-varying motions. From the Fourier expansion of current velocity, it follows 
that zero-frequency flows correspond to the mean flow, while the flow component at non-
zero frequencies represent time-varying eddies. Therefore, eddy–mean energy exchange 
through eddy–mean flow interaction directly corresponds to energy cascade at zero fre-
quency (see detailed derivation in Appendix C). Specifically, a zero-frequency forward 

cascade ( 0
CgΠ  > 0) reflects the transfer of KE from the mean flow to eddies ( KEM  > 0), 

while a zero-frequency inverse cascade ( 0
CgΠ  < 0) indicates energy transferring back to 

the mean flow ( KEM  < 0). Therefore, it can be inferred that as long as the mean flow in a 
region is barotropically unstable, the low-frequency forward kinetic energy cascade will 
occur. 

The numerical results from AVISO satellite altimetry data further validate the link-
age between energy cascade at low frequencies and eddy–mean flow interaction process 

(Figure 4). Here we compare the time mean of 4
Cg
yrΠ , which is the spectral KE flux at the 

frequency of cycle/4 years, with eddy–mean energy exchange term KEM . The spatial pat-
terns for the spectral KE flux at other low frequencies (e.g., periods form 2 years to 5 years) 
are analogous to that of 4

Cg
yrΠ . Therefore, we choose the temporal scale of 4 years as a 

representative scale for low frequencies. 

The spatial distributions of 4
Cg
yrΠ  and KEM  are similar at the Kuroshio Extension 

region (Figure 4). Both 4
Cg
yrΠ  and KEM  are characterized by large positive values in the 

western part of Kuroshio Extension, indicating forward cascade at low frequencies and 
eddy generation (Figure 4a,b, Table 4). In contrast, in the eastern part of the Kuroshio 

Extension, both 4
Cg
yrΠ  and KEM  have magnitudes smaller than one (Table 4), and both 

spatial structures have positive and negative patches (Figure 4a,b). The probability den-

sity functions (PDF) of 4
Cg
yrΠ  and KEM  also exhibit a similar pattern, both peaking at 

zero (Figure 4c). The PDF corresponding to the positive range of 4
Cg
yrΠ  and KEM  is gen-

erally higher than that corresponding to the negative range, which indicates that the spa-

tial distribution of 4
Cg
yrΠ  and KEM  is predominantly dominated by positive values. The 

correlation coefficient between 4
Cg
yrΠ  and KEM  reaches 0.90 ± 0.02, significant above the 

95% confidence level. This further confirms the strong relationship between 4
Cg
yrΠ  and 

KEM . 
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Figure 4. Relation between (a) low-frequency (at temporal scale of 4 years) kinetic energy transfer (

4
Cg
yrΠ ) and (b) eddy–mean energy exchange ( KEM ). Both 4

Cg
yrΠ  and KEM  are calculated as a time 

mean from 1994–2017 using the velocity product of satellite altimetry data. The vertical dashed black 
lines at 150 °E in (a) and (b) divide the Kuroshio Extension region into western and eastern parts. A 
2° running average is applied to the spatial maps here. (c) Probability density functions (PDF) of 

4
Cg
yrΠ  and KEM . PDF represents the distribution of values for a given variable. (d) Grid point by 

grid point comparison between 4
Cg
yrΠ  and KEM . The correlation coefficient between them is 0.90 

± 0.02, which is significant above the 95% confidence level. 

Table 4. Spatiotemporal-averaged 4
Cg
yrΠ  and KEM  at the Kuroshio Extension region estimated 

from satellite altimetric data. The western and eastern parts of the Kuroshio Extension are defined 
in Figure 4. 

 Kuroshio Extension Western Part Eastern Part 

KEM  (10−6 W/m3) 8.36 17.27 0.87 

4
Cg
yrΠ  (10−6 W/m3) 

6.40 11.81 0.99 

Table 4 reveals that the eddy–mean flow interaction in the entire Kuroshio Extension 

region is predominantly governed by eddy generation (the spatiotemporal-averaged KEM 
is 8.36×10–6 W/m3), where KE transfers from mean flow to eddies. This is closely associ-
ated with the strong low-frequency forward cascade in this region. 

4.2. Inverse Energy Cascades: Frequency vs. Wavenumber Domain Results 

Analogous to the amplitude of forward cascade, the amplitude of inverse KE cascade 
(hereafter Ampinverse) is defined as the minimum negative value of a spectral KE flux (Fig-
ure 5), which represents the strength of the inverse energy cascade’s strength. As shown 
in Figure 5, inverse cascades in the frequency domain primarily occur at medium 
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frequencies (monthly timescales) that are considerably higher than zero frequency (Figure 
5a). As a result, they cannot be attributed to eddy–mean flow interaction. Instead, the me-
dium-frequency inverse cascades are analogous to those in the medium-wavenumber 
range (Figure 5b). In the wavenumber domain, inverse cascades strengthen as wave-
numbers approach the mesoscale range. Considering the broad continuum of motions 
across all spatiotemporal scales [22,23], the spatial mesoscale range can be roughly asso-
ciated with the temporal medium range. This implies that regions with more mesoscale 
activities are likely to experience stronger inverse cascades in the frequency domain. This 
can be further supported by the similarity between the spatial patterns for Ampinverse in 
the frequency and wavenumber domains, with both showing higher concentrations in re-
gions of elevated kinetic energy levels (Figure 5c,d). 

 

Figure 5. Comparison between the inverse KE cascades in the wavenumber and frequency domain. 
(a) Time–mean spectral kinetic energy flux at (30°N, 132°E) in the frequency domain based on 
coarse-graining approach. The vertical dashed grey line indicates the frequency at 0.01 cpd. (b) as 
in (a), but in the wavenumber domain. The amplitude of inverse cascade (Ampinverse) is defined in 
(a) and (b). (c) Spatial pattern for Ampinverse in the frequency domain at the Kuroshio Extension re-
gion. (d) as in (c), but in the wavenumber domain. (e) Spatial pattern for difference in Ampinverse 
between the frequency domain and wavenumber domain (i.e., difference between (c) and (d)). Gray 
lines in (c), (d), and (e) indicate barotropic streamlines, which are defined in Figure 3. A 2° running 
average is applied to the spatial maps here. (f) Probability density function (PDF) of the difference 
in Ampinverse between the frequency domain and wavenumber domain. 

Nevertheless, a noticeable difference in Ampinverse between the frequency and wave-
number domains is observed in the Kuroshio Extension region (Figure 5e,f). The spatial 
pattern of the difference in Ampinverse indicates that inverse cascades are generally more 
pronounced in the frequency domain compared to those in the wavenumber domain, par-
ticularly in regions with intense currents. In contrast, in coastal areas, inverse cascades in 
the wavenumber domain tend to be stronger (Figure 5e). The PDF of the difference in 
Ampinverse further illustrates the dominance of stronger inverse cascades in the frequency 
domain, with the PDF in the negative range being higher than that in the positive range. 
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4.3. Temporal Variability of Energy Cascade: Frequency vs. Wavenumber Domain Results 

In the frequency domain, low-frequency KE cascades tend to exhibit variability over 
long temporal scales, whereas high-frequency cascades fluctuate on shorter temporal 
scales (Figure 6a). To investigate the temporal variability of frequency-domain KE cas-
cades, we calculate regional averages of spectral fluxes and analyze the time series of the 
spectral flux at each frequency we consider. The results indicate that the temporal varia-
bility of energy cascades depends on the scale (or frequency): spectral KE fluxes at larger 
temporal scales evolve more slowly, while those at smaller temporal scales fluctuate faster. 
In addition, the KE cascades at larger temporal scales (or lower frequencies) tend to be 
stronger. As the temporal scale increases, forward cascades grow in strength and become 
more dominant in the Kuroshio Extension region. This behavior is closely linked to the 
eddy generation process within eddy–mean flow interactions, as discussed in Section 4.1. 
The frequency spectra of the spectral KE flux at the two temporal scales further confirm 
our findings (Figure 6b). The peak frequencies for the two spectra are approximately 0.035 
cpd for the 6-month scale and ~0 cpd for the 4-year scale. This indicates that the dominant 
frequencies at which KE cascades evolve in the frequency domain align with the fre-
quency ranges of the cascades themselves. 

 

Figure 6. Temporal variability of KE cascade in the frequency and wavenumber domains at the 
Kuroshio Extension region. (a) Time series of regionally averaged spectral KE fluxes in the fre-
quency domain at different temporal scales. The dashed grey lines represent the time boundaries of 
edge effects caused by the temporal filtering procedure. Our analysis focuses solely on the time 
series between the two boundaries. The dashed black line represents the temporal scale of 1.5 years. 
Frequencies lower than cycles/1.5 years (corresponding to temporal scales longer than 1.5 years) are 
defined as the low-frequency range, while frequencies higher than cycles/1.5 years (corresponding 
to temporal scales shorter than 1.5 years) are considered the high-frequency range. Here, only the 
spectral fluxes at temporal scales larger than 3 months are considered. (b) Frequency spectra of 
spectral KE flux at two representative temporal scales: 4 years for the low-frequency range and 6 
months for the high-frequency range. (c) as in (a), but for spectral KE fluxes in the wavenumber 
domain at different spatial scales. The dashed black line represents the spatial scale of 700 km, which 
divides the entire spatial scale range into large-scale and mesoscale ranges. (d) Frequency spectra 
of spectral KE flux at two representative spatial scales: 1000 km for the large-scale range and 200 km 
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for the mesoscale range. The grey shading in (b) and (d) indicates 95% confidence intervals. The 
estimated error in the spectral KE fluxes here is approximately 30% based on error propagation. 

In contrast, in the wavenumber domain, the temporal variability of KE cascades at 
different spatial scales is similar (Figure 6c). All the spectral KE fluxes exhibit rapid fluc-
tuations. The frequency spectra of the spectral KE flux at spatial scales of 200 km (corre-
sponding to the mesoscale range) and 1000 km (corresponding to the large-scale range) 
show similar tendencies, with values increasing as the frequency decreases (Figure 6d). 
However, the magnitude of KE cascades between the large-scale and mesoscale ranges 
differs significantly. Inverse cascades tend to be stronger in the mesoscale range (Figure 
6c). The power density of spectral flux at the 200 km spatial scale is also consistently higher 
than that at the 1000 km scale across all available frequencies (Figure 6d). This suggests 
that in the wavenumber domain, the strength of KE cascades, rather than their temporal 
variability, tends to vary with spatial scales. 

4.4. Linkage Between KE Cascades in the Frequency Domain and Wind Forcing 

In this section, we investigate potential factors influencing the temporal variability of 
KE cascade in the frequency domain. On a global scale, O’Rourke et al. [39] discussed the 
potential relation between wind stress and KE cascade through the transfers of KE in the 
frequency domain. They quantified the relative contributions of wind forcing and intrinsic 
advection to low-frequency KE and identified a relative balance between the two, espe-
cially in regions with rich eddies. Consequently, they speculated that the KE cascade and 
wind forcing may be weakly linked. Inspired by their work, we evaluate the linkage be-
tween KE cascades and wind power input both at annual and other frequencies. 

We define the wind power input term from the low-frequency KE budget as: 

( ) ( )
,

x yu v
WP

H
ω ωω ω

ω

τ τ
<<< <+

=  (5) 

where ( )x ωτ <
  and ( )y ω

τ
<

  represent the low-pass filtered zonal and meridional surface 

wind stress at the frequency ω , respectively. The wind stress here is estimated using the 
wind speeds based on the method in [32]. H is approximately the Ekman layer thickness, 

which is set as 10 m in this study [1]. WPω  represents wind power input into low-fre-

quency KE. See detailed derivation of WPω  and the low-frequency KE budget in Sup-
plementary Materials. 

The temporal variability of WPω  exhibits similarities to that of KE cascades in the 

frequency domain (Figure 7a). In the low-frequency range, WPω   evolves gradually, 
while in the high-frequency range, it fluctuates rapidly (Figure 7a). The frequency spectra 

of WPω  also show a similar trend to that of 
Cg
ωΠ , with the peak frequency for the 6-

month scale exceeding that for the 4-year scale. This further indicates that wind power 
input at higher (lower) frequencies tends to vary over shorter (longer) temporal scales. 

A significant annual cycle, which is absent in the frequency-domain KE cascade var-

iations (Figure 6a,b), exists in WPω , particularly within the high-frequency band (Figure 
7a). Consistently, the frequency spectrum of wind stress peaks at annual frequency (Fig-
ure 7b). A similar annual peak is also observed in the frequency spectra of geostrophic KE 
(Figure 1a) [39] and KE tendency term (Figure 7b). This indicates that the seasonal cycles 
of KE could be attributed more to the seasonal cycle of wind than to that of frequency-
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domain energy cascade. In the wavenumber domain, such a consistent and significant 
annual peak of wind and KE is absent. 

Statistical analysis between WPω   and 
Cg
ωΠ   reveals that wind forcing is only 

weakly linked with KE cascade variations (Table 5). In both the low- and high-frequency 
ranges, W Pω  and C g

ωΠ  exhibit weak yet statistically significant correlations, with both 
the correlation coefficients reaching below 0.1. Considering that correlation does not im-
ply causality [40], we also conducted a causality analysis [40,41]. The normalized infor-
mation flow from W Pω  to C g

ωΠ  is significant in the high-frequency range (0.07 ± 0.02) 
but remains insignificant in the low-frequency range (0.02 ± 0.06). However, the infor-
mation flow from W Pω  to C g

ωΠ  at both low- and high-frequencies becomes insignifi-
cant when excluding the annual cycle. This suggests that the wind variability significantly 
affects the frequency-domain cascade variability mainly at the annual frequency. Com-
pared to wind, intrinsic nonlinear interaction itself plays a more significant role in modu-
lating the variability of C g

ωΠ . 

 
Figure 7. Temporal variability of low-frequency wind power input term W Pω  at the Kuroshio 
Extension region. (a) Time series of regionally averaged low-frequency wind power input W Pω  at 

different temporal scales. The dashed grey lines and the dashed black line have the same meaning 
as those in Figure 6a. Only the fluxes for wind power input at temporal scales larger than 3 months 
are considered. (b) Frequency spectrum of the magnitude of wind stress ( 2 2τ x yτ τ= + ). The vertical 

dashed red line indicates the frequency at 1/365 cpd. (c) As in (b), but for KE tendency term (
/KE t∂ ∂ ). The grey shading indicates 95% confidence intervals. Here, the wind stress is estimated 

using the wind speeds from CCMP V3.1. 
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Table 5. Linkage between the KE cascades in the frequency domain (
Cg
ωΠ ) and wind power input 

term (W Pω ) at the Kuroshio Extension region. The low-frequency (high-frequency) range corre-

sponds to frequencies lower (higher) than one cycle per 1.5 years. A low-frequency (high-frequency) 
time series is derived by averaging all the fluxes in the low-frequency (high-frequency) range. The 
symbol “√” indicates significant correlation coefficients or information flow at the 95% confidence 
level. 

C g
ωΠ  and W Pω  

Low Frequency  High Frequency  
With 

Annual Cycle 
Without 

Annual Cycle 
With 

Annual Cycle 
Without 

Annual Cycle 
Correlation coefficients 0.09 ± 0.03 [√] 0.09 ± 0.03 [√] 0.05 ± 0.02 [√] 0.07 ± 0.02 [√] 

Normalized information 
flow from W Pω  to C g

ωΠ  0.02 ± 0.06 0.02 ± 0.06 0.07 ± 0.03 [√] 0.04 ± 0.04 

5. Conclusions and Discussion 
In this study, using the velocity product from satellite altimetry data, we confirmed 

the superiority of the coarse-graining approach in the frequency-domain KE cascade 
study compared to the other two approaches. This is the first time that the coarse-graining 
approach is applied to the frequency-domain KE cascade diagnosis using satellite altime-
try data. We also developed the spectral approach and the SW approach for the KE cas-
cade diagnosis in the frequency domain. Here, for the first time, the SW approach is ex-
tended from the wavenumber domain to the frequency domain. The spectral approach 
for the frequency KE cascade diagnosis is also firstly derived based on the primitive equa-
tions. 

Using the coarse-graining approach, we further compared the spatiotemporal varia-
bility of KE cascades in both the frequency and wavenumber domains at the Kuroshio 
Extension region. The usage of this method enables a more accurate estimation of energy 
cascade and validates the energy cascade results derived in this study. Unlike the pre-
dominant inverse cascades in the wavenumber domain, we identified a strong forward 
cascade at low frequencies and found that this phenomenon is closely associated with 
eddy generation during eddy–mean flow interactions. A theory linking low-frequency 
forward cascade with eddy–mean flow interaction is also proposed. In terms of the inverse 
cascade, the inverse KE cascades in the frequency domain are generally stronger than 
those in the wavenumber domain. Additionally, we observed distinct temporal variabili-
ties of KE cascades in the frequency and wavenumber domains. The temporal variability 
of KE cascades in the frequency domain is found to be weakly influenced by wind forcing. 
This suggests that the intrinsic oceanic variability or other factors—such as the vertical 
transport or eddy diffusion which are not considered due to the lack of observational 
data—may contribute to the observed variations in the frequency domain KE cascade. 
Considering the potential errors in the velocity product [28], the errors in the spectral KE 
flux in this study are estimated to be approximately 30% based on error propagation. A 
further detailed calibration of our results is needed for future work. 

A comparison between the results from our datasets and the latest satellite data re-
veals that our key conclusions are robust and insensitive to the choice of time period or 
the dataset we used. The velocity data used in this study is from the delayed-time altime-
try product provided by the Multi-satellite Data Unification and Altimeter Combination 
System (DUACS DT2018), which was released in 2018 and includes current velocity data 
up until 2018. To assess the potential impact of the selected time range, we recalculated 
the main results using the recently updated DT2024 dataset, spanning from 1 January 1993 
to 31 December 2023. We found that our key conclusions are not significantly affected by 
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the choice of time period or dataset. Further analysis of the KE cascade using this updated 
product is planned for future work. 

Previous studies have decomposed kinetic energy cascades in the wavenumber do-
main into normal strain and shear strain components [17,21]. However, Srinivasan et al. 
[21] demonstrated that this decomposition is sensitive to the rotation of the coordinate 
system and therefore lacks independent interpretability. They instead decomposed the 
kinetic energy cascade into rotational and divergent components, demonstrating that both 
components are coordinate-invariant. Further exploration is thus needed to extend this 
strain/divergence decomposition of energy cascade into the frequency domain. Other pos-
sible future work includes: (i) applying the diagnostic framework in this study, especially 
the coarse-graining approach, to other ocean regions; (ii) examining frequency domain 
kinetic energy cascades induced by ageostrophic motions; (iii) assessing the fidelity of 
ocean models and reanalysis data in representing geostrophic KE cascades; (iv) exploring 
the role of other factors, such as vertical transport of eddy diffusion, in modulating the 
temporal variability of KE cascades. 

Our findings offer important insights. Firstly, we rigorously demonstrated the supe-
riority of the coarse-graining approach. This approach will serve as an effective tool for 
evaluating the fidelity of model simulations in representing energy transfer across differ-
ent spatiotemporal scales. The energy cascade results diagnosed from satellite altimetry 
can also provide a valuable baseline for assessing model fidelity. Secondly, the close rela-
tion between low-frequency forward cascade and eddy–mean flow interaction could help 
interpret multiscale KE transfer at low frequencies. Finally, our findings in the variability 
of the low-frequency cascade would potentially provide insights into investigation for cli-
mate variability from the energy transfer perspective. 
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Ref. [42] has been cited in the supplementary materials. 
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Appendix A. Confirmation of Galilean Invariance 
Galilean invariance is the property ensuring that cascade estimates remain invariant 

under inertial frame transformations. We will demonstrate that the coarse-graining ap-
proach ( C g

ωΠ  in Table 1) satisfies this property, while the SW approach ( S W
ωΠ  in Table 

1) does not. 
Firstly, the subfilter stress ( , )i ju uωτ  in the coarse-graining approach satisfies Gali-

lean invariance. Consider an observer moving at a constant 2D horizontal velocity 0V−  

relative to the original coordinate system. Then the measured 0( , )i ju uωτ
V

 becomes 

( ) ( )( ) ( ) ( )
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Since 0V−  originates from the motion of the reference frame, the filtering operation 
does not alter its value. Therefore: 
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0 0 0 0
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Additionally, it is evident that the derivatives of the coordinates do not change re-
gardless of how the reference frame is moving. Therefore, C g

ωΠ  in the coarse-graining 
approach satisfies Galilean invariance. 

In contrast, S W
ωΠ  in the SW approach and S p

ωΠ  in the spectral approach (Table 1) 
do not satisfy Galilean invariance. Similarly, we again consider an observer moving at a 
constant horizontal velocity 0V−  relative to the original coordinate system. The measured 
spectral energy flux , 0SW

ωΠ V  and , 0VS p
ωΠ  can be expressed as: 
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(A4) 

This indicates that the observer’s velocity would affect the evaluation of KE cascade 
in the SW approach and Spectral approach. Therefore, the SW approach and spectral ap-
proach do not satisfy Galilean invariance. 
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Appendix B. Spectral Kinetic Energy Fluxes from the Three Approaches 

The spatiotemporal-averaged spectral kinetic energy fluxes from 
Cg
ωΠ , 

SW
ωΠ , and 

Sp
ωΠ  show notable differences (Figure A1a). A primary source of these discrepancies lies 

in the transport term. Both 
Cg
ωΠ  (from the coarse-graining approach) and 

SW
ωΠ (from 

SW approach) exclude a transport component from the nonlinear terms, while 
Sp
ωΠ

(from spectral approach) does not. This distinction largely explains the discrepancies be-

tween the spectral KE fluxes from 
Sp
ωΠ  and those from the other two approaches. Ad-

ditionally, differences in the transport terms between the SW approach (
SWJω ) and the 

coarse-graining approach (
CgJω ) (Figure A1b) further contributes to the discrepancies in 

KE cascade results between these two methods. 
Galilean invariance of the coarse-graining approach is clearly evident in Figure A1c. 

However, SW
ωΠ  and Sp

ωΠ  do not maintain this property and thus can be significantly 
affected by the background mean flow. In two coordinate systems differing by a relative 
velocity (U0, V0), the spectral KE fluxes derived from the coarse-graining approach ( Cg

ωΠ

(u, v) and Cg
ωΠ (u + U0, v + V0) in Figure A1c), are identical, whereas for the spectral and 

SW approaches, the estimated spectral KE fluxes at the coordinates (u, v) are different 
from those at the coordinates (u + U0, v + V0). The Galilean invariance of the coarse-grain-
ing approach ensures that its transport term is more physically consistent compared to 
those in the spectral and SW approaches. This underscores the robustness and reliability 
of the coarse-graining approach for KE cascade analysis. 

 

Figure A1. Spectral kinetic energy fluxes in the frequency domain estimated from the velocity prod-
uct of satellite altimetry data in the region (33°N–39°N, 144°E–154°E). (a) Spatiotemporal average 
for the spectral kinetic energy fluxes defined in Table 1. The spatiotemporal-averaged spectral KE 
flux here is computed as follows: First, using the mathematical formulas outlined in Table 1, one 
can calculate the spectral KE flux at each cutoff frequency, which varies with both spatial locations 
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and time. Then, for each frequency, the time mean of the spectral KE flux time series at each grid 
point can be calculated. Finally, we obtain the spatial average of the spectral KE flux at each fre-
quency. Through this process, the curve of the spectral KE flux as a function of the cutoff frequencies 
can be obtained. (b) as in (a), but for the transport terms defined in Table 2. Meanings of the terms 
in (a) and (b) are interpreted in the black box. (c) Comparison between kinetic energy fluxes ob-
served in two coordinate systems differing by a relative velocity (U0, V0) (both U0 and V0 here are 0.1 
m/s). The spectral fluxes are calculated based on the approaches in Table 1. The vertical dashed grey 
lines in (a), (b) and (c) indicate the frequency at 0.01 cpd. Analysis in this study focuses on the fre-
quencies lower than 0.01 cpd. The estimated error in the spectral KE fluxes here is approximately 
30% based on error propagation. 

Nevertheless, the spectral fluxes derived from all three definitions exhibit a similarly 
strong forward cascade in this region, indicating qualitative consistency among the spec-
tral, SW, and coarse-graining approaches. The spectral approach, in particular, relies on 
the following governing equation: 

( , , ) ( , , ) ( , , ) ( , , ),E x y T x y P x y D x y
t

ϖ ϖ ϖ ϖ∂ = + −
∂

 (A5) 

where ( , , )E x yϖ   is spectral KE density. ( , , )T x yϖ   measures the redistribution of KE 

among different frequencies. ( , , )P x yϖ   and ( , , )D x yϖ   denote the source and dissipa-
tion of KE, respectively (see Supplementary Material for detailed definitions). The concise 
formulation of this equation isolates key physical mechanisms in ocean dynamics, making 
the spectral approach particularly effective for diagnosing energy transfers. Its methodo-
logical simplicity and mechanistic clarity have led to widespread adoption in studies of 
oceanic energy cascades [8,10–13]. Consequently, conclusions from earlier spectral-based 
analyses remain robust, as they align with findings from complementary methodologies. 

Appendix C. Eddy–Mean Flow Interaction 
At temporal scales of approximately longer than 16 weeks, the motions in the ocean 

can be primarily decomposed into the time-averaged mean flow and time-varying eddies. 
The mean flow and eddies exchange energy through eddy–mean flow energy interactions. 
According to the Fourier expansion, one can deduct that at zero frequency, the low-pass 
filtered velocity corresponds to the time-averaged flow u , while the remaining high-fre-
quency components corresponds to the time-varying eddies u ′ . 

For the time series of velocity ( )V t  with a given duration of T , its Fourier trans-
form is: 

( ) ( ) .i tF V t e dtωω
+∞

−

−∞

=   (A6) 

At zero frequency, Equation (A6) becomes: 

(0) ( ) ,F V t dt
+∞

−∞

=   (A7) 

which means that the Fourier transform of flow velocities at zero frequency is equivalent 
to its time–mean ( )V t   multiplied by the duration T  . That is, the flows at zero fre-
quency would directly correspond to the time–mean flow. 

Therefore, at zero frequency, the time–mean subfilter stress can be rewritten as 

( , ) ( ) .i j i j i j i j i j i j i ju u uu u u uu uu uu uuω ω ω ωτ < < < ′ ′ ′ ′ ′ ′= − = + + =  (A8) 
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Then the time–mean spectral KE flux in the coarse-graining approach 0
Cg
ω →Π  can be 

expressed as 

0 0[ ],Cg u u v vu u u v v v
x y x yω ρ→

∂ ∂ ∂ ∂′ ′ ′ ′ ′ ′Π = − + + + ∂ ∂ ∂ ∂
 (A9) 

where the overline denotes taking the time mean, and '⋅  denotes the time-varying com-
ponent. The form of Equation (A9) here is equivalent to that of the eddy–mean flow en-
ergy exchange term KEM  in the ocean Lorenz energy cycle (Equation (4)). Therefore, at 
zero frequency, the KE cascade term from the coarse-graining approach is directly related 
to eddy–mean flow interactions. 
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